Weakly 1-Complete Manifold and Levi Problem
By Takeo OHSAWA* § 0* Introduction Let X be a paracompact complex manifold of dimension «J>1. We call X a weakly 1-complete manifold if there exists a C°° plurisubharmonic function (? on X such that for every ceR (real number), <p~1((-oo ? c)} is relatively compact in X. cp is called an exhaustion function of X. It is well known that holomorphically convex manifolds are weakly 1-complete. The converse is not true in general (cf. [1] ), so one is led to the problem of seeking natural additional conditions which make weakly 1-complete manifolds holomorphically convex.
The content of this article is divided into two parts; Section 1 is devoted to prove some properties of weakly 1-complete manifolds which have a nonconstant holomorphic function. In Section 2, first we present an application of the Nakano's vanishing theorem to the Levi problem on projective spaces and hyperquadrics. These results are not new (cf. [3] ) but the method will be of some interest. Next, combining the Nakano's vanishing theorem with the result in Section 1 and a well known theorem (due to Bonnet) of differential geometry we obtain the following.
Theorem 2. 2, Let X be a -weakly \-complete manifold of dimension 2. If the canonical bundle of X is negative, then X is holomorphically convex.
The last paragraph is a variant of Section 2, 1. Combining Theorem 2.2 with the Nakano's vanishing theorem we solve the Levi problem on some hypersurfaces and complete intersections. Q.E.D.
Remark. We did not use in the proof the differentiability of (p.
Only the continuity of cp suffices.
For the later use we quote here a theorem of R. Narashimhan.
Theorem 1.3 (cf. [6], Corollary 1) . A "weakly [-complete manifold X is holomorphically convex if and only if X c is holomorphically convex for every
As a corollary to Theorem 1.1 we obtain 
where c" is such that X c »dX c , and X c *Dt/ f for any i. Therefore X c .
is a strongly pseudoconvex domain in X. Since c was arbitrary, by form on M. We say L is negative (seminegative) if the dual of L is positive (resp. semipositive) .
We denote by P* a complex projective space of dimension n and by Q 71 a complex hyperquadric in P n~: . We also denote by K^ a canonical bundle of X.
The following theorem was proved by A. Hirschowitz [3] under a less restrictive assumption but we present the proof here for the sake of its simplicity. [5, 5] C 505. This is the integrability condition of S so that there exists a foliation (of class C°°) on dX c whose complexified tangent bundle is S@S. Let JL be a maximal leaf of this foliation. Then JL. is a complex submanifold of X since at every point of JL the tangent space is a complex line in the tangent space of X at that point. Since dX c is compact and the canonical bundle of X is negative, there exists a complete hermitian metric on J^ whose Gaussian curvature is greater than some positive constant. * } Therefore by the theorem of Bonnet (cf. [10] 
Lemma. The line bundle [mj?~\ is semi -positive for any integer m.
Admitting the lemma, we proceed as follows: By the Nakano's vanishing theorem we obtain It is easy to see that \_mjC~\ is semipositive with respect to the metric The remaining part of the proof is similar to that of Theorem 2.1. Q.E.D.
Remark. Similarly as above one can prove the holomorphical convexity of weakly 1-complete domains over hyper surf aces of degree 3.
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